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and the chiral transition in QCD 

E. Meggiolaro a 

a Dipartimento di Fisica, Universita di Pisa, and INFN, Sezione di Pisa, 1-56127 Pisa, Italy 
E-mail : enrico . meggiolaro@df . vmipi . it 

We discuss the role of the U(l) axial symmetry for the phase structure of QCD at finite temperature. In 
particular, supported by recent lattice results, we analyse a scenario in which a t/(l)-breaking condensate survives 
across the chiral transition. This scenario can be consistently reproduced using an effective Lagrangian model. 
The effects of the (7(1) chiral condensate on the slope of the topological susceptibility in the full theory with 
quarks are studied. Further information on the new U(l) chiral order parameter is derived from the study (at 
zero temperature) of the radiative decays of the "light" pseudoscalar mesons in two photons. 



1. Introduction 

It is well known that at zero temperature the 
SU(L) <g) SU(L) chiral symmetry, in a QCD with 
L massless quarks, is broken spontaneously by 
the non-zero value of the so-called chiral conden- 
sate, (qq) = X) i=1 (<fc<Zi), and the L 2 - 1 J p = 0~ 
mesons are just the Goldstone bosons associated 
with this breaking. At high temperatures the 
thermal energy breaks up the qq condensate, lead- 
ing to the restoration of chiral symmetry above 
a certain critical temperature T c h, defined as the 
temperature at which the condensate (qq) goes to 
zero. Instead, the role of the U(l) axial symmetry 
[1,2] for the finite temperature phase structure of 
QCD has been so far not well studied and it is 
still an open question of hadronic physics. 

In the "Witten-Veneziano mechanism" [3,4] for 
the resolution of the U(l) problem, a fundamen- 
tal role is played by the so-called "topological 
susceptibility" in a QCD without quarks, i.e., in 
a pure Yang-Mills (YM) theory, in the large-/Y c 
limit (N c being the number of colours): 
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lim lim 

k— >o N c — >cx 



i / d 4 xe lkx (TQ(x)Q(0)) L(l) 



where Q(x) = e liVpa F* V F^ is the so-called 
"topological charge density". This quantity en- 
ters into the expression for the mass of the 77'. 
Therefore, in order to study the role of the U(l) 
axial symmetry for the full theory at non-zero 



temperatures, one should consider the YM topo- 
logical susceptibility A(T) at a given temperature 
T, formally defined as in Eq. (1), where now (. . .) 
stands for the expectation value in the full theory 
at the temperature T [5]. 

The problem of studying the behaviour of A(T) 
as a function of the temperature T was first ad- 
dressed, in lattice QCD, in Refs. [6-8]. Recent 
lattice results [9] (obtained for the SU(3) pure- 
gauge theory) show that the YM topological sus- 
ceptibility A(T) is approximately constant up to 
the critical temperature T c h, it has a sharp de- 
crease above the transition, but it remains differ- 
ent from zero up to ~ 1.2 T c h- We recall that, 
in the Witten-Veneziano mechanism [3,4], a (no 
matter how small!) value different from zero for 
A is related to the breaking of the U(l) axial sym- 
metry, since it implies the existence of a would-be 
Goldstone particle with the same quantum num- 
bers of the 7/ . 

Another way to address the same question is 
to look at the behaviour at non-zero tempera- 
tures of the susceptibilities related to the propa- 
gators for the following meson channels [10] (we 
consider for simplicity the case of L = 2 light 
flavours): the isoscalar (7 = 0) scalar channel 
On = qq', the isovector (I = 1) scalar channel 
O5 = q^q; the isovector (I = 1) pseudoscalar 
channel = 1575 the isoscalar (I = 0) pseu- 
doscalar channel 7 y — iq'jsq. Under SU(2) chi- 
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ral transformations, a is mixed with 7r (and 8 is 
mixed with 77'). On the contrary, under U(l) chi- 
ral transformations, ir is mixed with 5 (and <r is 
mixed with 77'). In practice, one can construct, 
for each meson channel /, the corresponding chi- 
ral susceptibility 

Xf = J d 4 x (TO f (x)O\(0)), (2) 

and then define two order parameters: 

Xsu(2)®su(2) = Xcr - Xtt, and xu(i) = Xs ~ X^- 
If an order parameter is non-zero in the chiral 
limit, then the corresponding symmetry is bro- 
ken. Present lattice data for these quantities seem 
to indicate that the U(l) order parameter sur- 
vives across T c h, up to ~ 1.2 T c h, where the 5- 
7r splitting is small but still different from zero 
[11-13]. In terms of the left-handed and right- 
handed quark fields (qL,R = |(1 ± 75)9, with 
75 = — i7°7 1 7 2 7 3 ) one has the following expres- 
sion for the difference between the correlators for 
the 5 + and tt + channels: 

(O s+ (x)Ol + (0)) - (O w+ (x)Oi + (0)) = 

2 [(u R d L (x)d R u L (0)) + (u L d R (x)d L u R (0))] . (3) 

(The integral of this quantity is just equal to the 
U(l) chiral susceptibility Xu(i) — Xs^X-ir- 

) What 

happens below and above T c h! Below T c h, in the 
chiral limit sup (mi ) — > 0, the left-handed and 
right-handed components of a given light quark 
flavour (up or down, in our case with L = 2) can 
be connected through the qq chiral condensate, 
giving rise to a non-zero contribution to the quan- 
tity (3) (i.e., to the quantity Xu(i))- But above 
the qq chiral condensate is zero: so, how can 
the quantity (3) (i.e., the quantity Xu(i)) be dif- 
ferent from zero also above T c h, as indicated by 
present lattice data? The only possibility in order 
to solve this puzzle seems to be that of requiring 
the existence of a genuine four-fermion local con- 
densate, which is an order parameter for the U(l) 
axial symmetry and which remains different from 
zero also above T c h- This new condensate will be 
discussed in Section 2 and then we shall analyse 
some interesting phenomenological consequences 
deriving from this hypothesis [14]. 



2. The £7(1) chiral order parameter 

Let us define the following temperatures: 

T x : the temperature at which the pure- 
gauge topological susceptibility A drops to zero. 
Present lattice results indicate that T x > T c h [9]. 

Tuny, the temperature at which the U(l) ax- 
ial symmetry is (effectively) restored, meaning 
that, for T > Tp-m, there are no £/(l)-breaking 
condensates. The Witten-Veneziano mechanism 
implies that Tjj^ > T x , since, after all, the 
pure-YM topological susceptibility A is a U(l)- 
breaking condensate. Moreover, if (qq) ^= also 
the U(l) axial symmetry is broken, i.e., the chi- 
ral condensate is an order parameter also for the 
U(l) axial symmetry. Therefore we must have: 
^V(i) ^ T^ch- Present lattice results for the chiral 
susceptibilities indicate that Tym > Tch [11-13]. 

Thus we need another quantity which could be 
an order parameter only for the U(l) chiral sym- 
metry [15-19]. The most simple quantity of this 
kind was found by 'tHooft in Rcf. [2]. For a 
theory with L light quark flavours, it is a 2L- 
fcrmion interaction that has the chiral transfor- 
mation properties of: 

C e ff ~ det(q sR q tL ) + det(q sL q tR ), (4) 

st st 

where s,t = 1, . . . , L are flavour indices, but the 
colour indices are arranged in a more general way 
(see Refs. [17-19]). It is easy to verify that £ e ff 
is invariant under SU(L)<g)SU(L)®U(l)v, while 
it is not invariant under U(1)a- To obtain an or- 
der parameter for the U(l) chiral symmetry, one 
can simply take the vacuum expectation value of 
C e ff- C(7(i) = (£eff)- The arbitrarity in the ar- 
rangement of the colour indices can be removed 
if we require that the new U(l) chiral conden- 
sate is "independent" of the usual chiral conden- 
sate (qq), as explained in Refs. [17-19]. In other 
words, the condensate C;/(i) is chosen to be a 
genuine 2L-fermion condensate, with a zero "dis- 
connected part" , the latter being the contribution 
proportional to (qq) L , corresponding to retaining 
the vacuum intermediate state in all the channels 
and neglecting the contributions of all the other 
states. As a remark, we observe that the con- 
densate Cjj{\) so defined turns out to be of order 
0(g 2L ~ 2 N c L ) = 0(N C ) in the large-7V c expansion, 
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exactly as the chiral condensate (qq). 

The existence of a new U(l) chiral order pa- 
rameter has of course interesting physical conse- 
quences, which can be revealed by analysing some 
relevant QCD Ward Identities (WI's) (see Refs. 
[16,19]). In the case of the SU(L) <g> SU(L) chiral 
symmetry, one immediately derives the following 
WI: 



/ 



d 4 x (Td»Al{x)iq lb T b q{0)) 



i$ab-j-(qq), (5) 



g7 M 7 5 T a g are the SU(L) axial cur- 



whcre A" 

rents. If (qq) ^ (in the chiral limit sup(mi) 
0), the anomaly-free WI (5) implies the existence 
of L 2 — 1 non-singlet Goldstone bosons, interpo- 
lated by the hermitian fields Ob — iqj5T b q. Simi- 
larly, in the case of the U(l) axial symmetry, one 
finds that: 



d 4 x (Td»J 5 ^(x)iq l5 q(Q)) = 2i(qq), 



(6) 



where J^ ^ = 97^75(7 is the U(l) axial current. 
But this is not the whole story! One also derives 
the following WI: 



/ 



d A x (Td»J 5 ^(x)O P (0)) = 2Li(C ef f(0)), (7) 



where C e f f is the 2L-fcrmion operator defined by 
Eq. (4), while the hermitian field Op is defined 
as: P <~ i[det(q sR q tL ) - det(q sL q tR )]. If the 
[/(l)-breaking condensate survives across the chi- 
ral transition at T c h, i.e., Ct/(i) — (^e//(0)) 7^ 
for T > T ch (while (qq) = for T > T ch ), 
then this WI implies the existence of a (would-be) 
Goldstone boson (in the large-7V c limit) coming 
from this breaking and interpolated by the her- 
mitian field Op. Therefore, the U(1)a (would-be) 
Goldstone boson (i.e., the r]') is an "exotic" 2L- 
fermion state for T > T c h- 

3. The new chiral effective Lagrangian 

It is well known that the low-energy dynamics of 
the pseudoscalar mesons, including the effects due 
to the anomaly and the qq chiral condensate, can 
be described, in the large--/V c limit, and expand- 
ing to the first order in the light quark masses, by 
an effective Lagrangian [20-24] written in terms 



of the mesonic field Uij <~ qjpqiL (up to a mul- 
tiplicative constant) and the topological charge 
density Q. We make the assumption that there 
is a t/(l)-breaking condensate which stays dif- 
ferent from zero across T c h, up to Tym > T c h'- 
the form of this condensate has been discussed 
in the previous section. We must now define a 
field variable X, associated with this new con- 
densate, to be inserted in the chiral Lagrangian. 
The operators iqj^q and qq entering in the WI 
(6) are essentially equal to (up to a multiplica- 
tive constant) i(TrU - TrW) and TrU + TrW 
respectively. Similarly, the form of the new field 
X, in terms of the fundamental quark fields, can 
be derived from the WI (7), identifying the oper- 
ators Op and C e ff with (up to a multiplicative 
constant) i(X — X'') and X + respectively: 
this gives X ~ det (q sR qtL) (up to a multiplica- 
tive constant). It was shown in Refs. [15-17,19] 
that the most simple effective Lagrangian, con- 
structed with the fields U, X and Q, is: 

C(U,W,X,X\Q) 

= ^Tr(d^Ud^) + IdnXd^Xi 

-V(U,U\X,X r ) + ^iQuiTrQnU - lnU r ) 

+ Uo.(l-uj 1 )(\nX-\nX^ + ^Q 2 , (8) 

where the potential term V(U, U\ X, X^) has the 
form: 



V(U,W,X,X*) 

= M T r[(C/t f /-p T I) 2 ] 



{X^X-p x f 



gl 
2^2 



Tr(MU + M ] U ] ) 



[det(?7)Xt + det([/t)X]. 



(9) 



M = diag(mi, . . . , tul) is the quark mass ma- 
trix. All the parameters appearing in the La- 
grangian must be considered as functions of the 
physical temperature T. In particular, the pa- 
rameters and px determine the expectation 
values (U) and (X) and so they are responsible 
for the behaviour of the theory respectively across 
the SU(L) <g> SU(L) and the U(l) chiral phase 
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transitions, as follows: 

PAT<T ch = > 0, Prr\ T >T ch < 0; 

Px\t<t u(1) = \f\ > 0, Px\t>t u(1) < 0. (10) 

The parameter F„ is the well-known pion decay 
constant, while the parameter Fx is related to the 
new U(l) axial condensate and will be the object 
of our analysis. According to what we have said 
in the Introduction and in Section 2, we also as- 
sume that the topological susceptibility A(T) of 
the pure-YM theory drops to zero at a tempera- 
ture T x > T ch (but T x < T[/(!)). 

One can study the mass spectrum of the the- 
ory for T < T ch and T ch < T < T u{1) . First of 
all, let us see what happens for T < T ch , where 
both the qq chiral condensate and the U(l) chiral 
condensate are present. Integrating out the field 
variable Q and taking only the quadratic part of 
the Lagrangian, one finds that, in the chiral limit 
sup(mi) — > 0, there are L 2 — 1 zero-mass states, 
which represent the L 2 — 1 Goldstone bosons com- 
ing from the breaking of the SU(L)(g>SU(L) chiral 
symmetry down to SU(L)v- Then there are two 
singlet eigenstates with non-zero masses: 



n 



VW+LFj 



Vx = 



VWTLF 2 



(VlFxSx + FkSk), 

(-f^Sx + Vlf x s v ), (11) 



where S„ is the usual "quark-antiquark" SU(L)— 
singlet meson field associated with U, while Sx 
is the "exotic" 2L-fermion meson field associated 
with X [15,17,19]: 



u = —= exp 
V2 



L —1 



F X is/2 
X = 7I CXP [Fx- SX , 



(12) 



The matrices r a (a — 1, . . . , L 2 — 1) are the gener- 
ators of the algebra of SU(L) in the fundamental 
representation, with normalization: Tr(r a Tb) = 
S a b. The 7r a are the self-hermitian fields describ- 
ing the L 2 — 1 massless pions. 



The field r\' has a "light" mass, in the sense of the 
N c — > oo limit, being 



2LA 



F 2 + LF 2 



£>(—). 



(13) 



On the contrary, the field t]x has a sort of "heavy 
hadronic" mass of order 0(N®) in the large- 
iV c limit. Both the rj' and the i]x have the 
same quantum numbers (spin, parity and so on), 
but they have a different quark content: one is 
mostly Sk <~ i(q~LqR — <1r<1l), while the other is 
mostly Sx ~ i[det(q S LqtR) - det(q S Rq t L)]- What 
happens when approaching the chiral transition 
temperature T ch ? We know that F„(T) — > 
when T — > T c h- From Eq. (13) we see that 



1A 
FT 



and, from the first Eq. (11), 



v'(Tch) = Sx- We have continuity in the mass 
spectrum of the theory through the chiral phase 
transition at T = T c h- In fact, if we study 
the mass spectrum of the theory in the region 
of temperatures T c h < T < (where the 

SU(L)<g)SU(L) chiral symmetry is restored, while 
the U(l) chiral condensate is still present), one 
finds that there is a singlet meson field Sx (asso- 
ciated with the field X in the chiral Lagrangian) 
with a squared mass given by (in the chiral limit): 
rrig = J4-- This is nothing but the would-be 
Goldstone particle coming from the breaking of 
the U{\) chiral symmetry, i.e., the rj' , which, for 
T > T c h , is a sort of "exotic" matter field of the 
form S x ~ i[det(q sL q tR ) - det(q sR q tL )]. Its exis- 
tence could be proved perhaps in the near future 
by heavy-ion experiments. 

4. A relation between \' an( l the new U(l) 
chiral condensate 

In this section and in the following one we 
want to describe some methods which provide us 
with some information about the parameter Fx 
[14]. This quantity is a t/(l)-breaking param- 
eter: indeed, from Eq. (10), px = \F X > 
for T < IV(i), and therefore, from Eq. (9), 
(X) = F x /V2 ^ 0. Remembering that X ~ 
dct {q S R.qtL)i up to a multiplicative constant, we 
find that F x is proportional to the new 2L- 
fcrmion condensate Cym = (£eff) introduced 
above. 
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In the same way, the pion decay constant F n , 
which controls the breaking of the SU(L)®SU(L) 
symmetry, is related to the qq chiral condensate 
by a simple and well-known proportionality re- 
lation (see Refs. [15,19] and references therein): 
(9i%)T<T ch ^ -\B m F„. Considering, for sim- 
plicity, the case of L light quarks with the same 
mass to, one immediately derives from this equa- 
tion the so-called Gell-Mann-Oakes-Renner re- 



latior 



l NS F TT 



usual, (qq) = ^f =1 (q~iqi), and, moreover, m 2 NS = 
mB m /Fn is the squared mass of the non-singlet 
pseudoscalar mesons. 

It is not possible to find, in a simple way, the 
analogous relation between F x and the new con- 



-^(qq)T<T ch , 



where, as 



densate C, 



17(1) 



eff) 



Alternatively, the quantity Fx can be ex- 
tracted from the two-point Green function of the 
topological charge-density operator Q(x) in the 
full theory with L light quarks: 



X (k) ee -i J 



x e 



ikx 



(TQ(x)Q(O)). 



(14) 



The calculation of x(k) can be performed explic- 
itly, using our effective Lagrangian. The most 
interesting result is found when considering the 
so-called "slope" of the topological susceptibility, 
defined as: 



1 d d 



8 dkfi dh^ 



X(k) 



k=0 



d 4 x x 2 (TQ(x)Q(0)), 



(15) 



which, in the chiral limit of L massless quarks, 
comes out to be, for T < T c h [14]: 



X , ch = -^ l (Ft + LF x ) = -±rF>, 



2L 



(16) 



where F v ' ee \J F 2 + LF X is the decay constant 
of the rf (at the leading order in the 1 /N c expan- 
sion), modified by the presence of the new U(l) 
chiral order parameter [17,19]. In fact, remem- 
bering how the fields U and X transform under 
&U(V) chiral transformation, one can determine 
the U(l) axial current, starting from our effective 
Lagrangian [17,19]: 

j 5 , M - i [Tv(u^d^u - ud^) 



+L(X^d tl X - XdpXi)] = -V2LF v >d^\ (17) 

where the field rf is defined by the first Eq. (11) 
and the relative coupling between J 5iM and rf , i.e., 
the SU(L)-smglet (rj 1 ) decay constant defined as 
(0|^5, fj,(0)W(p)) = iV^Lpfi F v > , comes out to be: 



F v , = x l F% + LF X . 



(18) 



Summarizing, we have found that the value of 
x', in the chiral limit sup(rni) — > 0, is shifted 
from the "original" value — jj;F 2 (derived in the 
absence of an extra U(l) chiral condensate: see 
Refs. [25,26]) to the value -j^F 2 = -^(F 2 + 
LF X ), which also depends on the quantity Fx, 
proportional to the extra U(l) chiral condensate. 

All the above refers to the theory at T < T c /,. 
When approaching the chiral transition at T = 
T c h, one expects that F^ vanishes, while F x re- 
mains different from zero and the quantity x' c h 
tends to the value: 

/ --F 2 

Xch T^T ch 2 X ' 

The quantity x(fc) can also be evaluated in the 
region of temperatures T c h < T < Tj/m, pro- 
ceeding as for the case T < T c h, obtaining the 
result (already derived in Ref. [15]): 

X( k )= A ]^-2A> (2°) 

in the chiral limit sup(mi) — > 0. 

Therefore, in the region of temperatures T c h < 

T<T u{lhX 'ch is given by [14]: 



(19) 



x' ch = W2 x(k) 



1 



(21) 



k=0 



consistently with the results (16) and (19) found 
above: i.e., x'ch var i es with continuity across T c h- 
This means that x'ch &c ^ s as a sort or " or d cr pa- 
rameter for the U(l) axial symmetry above T c h- 
if x'ch i s different from zero above T c h, this means 
that the [/(l)-breaking parameter Fx is different 
from zero. 

5. Radiative decays of the pseudoscalar 
mesons 

Further information on the quantity Fx (i.e., on 
the new U(l) chiral condensate, to which it is 



G 



related) can be derived from the study of the ra- 
diative decays of the "light" pseudoscalar mesons 
in two photons, tt° , n, 77', rj X — > 77, in the realistic 
case of L = 3 light quarks (with non-zero masses 
m u , rrid and m s ) and in the simple case of zero 
temperature (T = 0) [14]. 

To this purpose, we have to introduce the electro- 
magnetic interaction in our effective model. Un- 
der local U(l) electromagnetic transformations: 

q^ q ' = e ieeQ q, A„ - Aj, = A„ - 8^6, (22) 

the fields U and X transform as follows: 

U -> U' = e i0eQue- i9eQ , X^X' = X. (23) 

Therefore, we have to replace the derivative of 
the fields d^U and d^X with the corresponding 
covariant derivatives: 

D ll U = d li U + ieA li [Q,U], D^X = d^X. (24) 

Here Q is the quark charge matrix (in units of e, 
the absolute value of the electron charge): 



Q 



(25) 



In addition, we have to reproduce the effects of 
the electromagnetic anomaly, whose contribution 
to the four-divergence of the U(l) axial current 
(<^5,m = 97^75?) an d of the SU (3) axial currents 
(Al = 97^75 ^q) is given by: 



^J^) anomaly = 2Tr(Q 2 )G, 

(^)— ma; , = 2Tr(^Q 2 ^h;. 



(26) 



where G = ^s^P a F^F p(r (F^ being the elec- 
tromagnetic field-strength tensor), thus breaking 
the corresponding chiral symmetries. We observe 
that Tr(Q 2 r a ) ^ only for a = 3 or a = 8. 
We must look for an interaction term C[ (con- 
structed with the chiral Lagrangian fields and the 
electromagnetic operator G) which, under a U(l) 
axial transformation q 
forms as: 



q = e ra75 q, trans- 



while, under SU(3) axial transformations of the 
type q^> q' = e'^^^q (with a = 3, 8), trans- 
forms as: 



SU(3) A : d -» d + 2/3Tr ( Q 2 ^= ) G. 



V2J 



(28) 



By virtue of the transformation properties of the 
fields U and X under a U(L) £g> U(L) chiral trans- 
formation [15,19], one can see that the most sim- 
ple term describing the electromagnetic anomaly 
interaction term is the following one: 



d = iiGTr[Q 2 (ln[/-ln[/ t )], 



(29) 



which is exactly the one originally proposed in 
Ref. [27]. Therefore, we have to consider the fol- 
lowing effective chiral Lagrangian, which includes 
the electromagnetic interaction terms described 
above [14]: 

C(U,U\X,X\Q,A») 

= ^Tt(D^UD^) + ^Xd^X^ 

-V(U, U\ X, X*) + -iQ wiTr(ln U - In C/ f ) 

+ ^Q(1 - wi)QnX - lnXt) + i^Q 2 

+ ^GTr[Q 2 (ln[7 - lnf/t)] _ -F» V F» V . (30) 

The decay amplitude of the generic process 
"meson — > 77" is entirely due to the electro- 
magnetic anomaly interaction term, which can be 
written more explicitly as follows, in terms of the 
meson fields: 



„ 1 f 1 2V2 



Sir 



(31) 



U(1) A : d - d + 2aTr(Q 2 )G, 



(27) 



The fields tt 3 , 7Tg , S v , Sx mix together. However, 
neglecting the experimentally small mass differ- 
ence between the quarks up and down (i.e., ne- 
glecting the experimentally small violations of the 
SU{2) isotopic spin), also tt 3 becomes diagonal 
and can be identified with the physical state n°. 
The fields (its, Sn,Sx) can be written in terms of 
the eigenstatcs (rj,r]',r]x) as follows: 



(32) 









I 


,-c| 
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where C is the following 3x3 orthogonal matrix: 
/ cos dp — sin dp \ 



C = 



sin dp -j^ cos dp 



V sin^ cos^ J 



(33) 



Here F v > is defined according to Eq. (18), i.e., 



(34) 



and dp is a mixing angle, which can be related 
to the masses of the quarks m u , m d , m s , and 
therefore to the masses of the octet mesons, by 
the following relation: 



t&np 



F F i 
6V2A 



(35) 



where: m 2 = 2Bm and m 2 = ^B(m + 2m s ), 

With simple stan- 



with: B = 



— Br, 

2F X 



dard calculations, the following decay rates (in 
the real case N c = 3) are derived [14]: 



r(7r°- 

T( V - 



+ 77 ) = 
77) = 



a 2 m\ 
64tt 3 F2 ' 



am* 



( 



cos ip 



192tt 3 F2 V 

F 



smip 

- Fir 



77) 



8tt 3 F2 



F^\ 2 

)■ 

(36) 



— simp 



where a = e 2 /^Tr ~ 1/137 is the fine-structure 
constant. 

If we put Fx = (i.e., if we neglect the new 
U(l ) chiral condensate), the expressions written 
above reduce to the corresponding ones derived 
in Ref. [27] using an effective Lagrangian which 
includes only the usual qq chiral condensate (so 
there is no field r/xO- The introduction of the new 
condensate (while leaving the ir° — > 77 decay rate 
unaffected, as it must!) modifies the decay rates 
of rj and rj (and, moreover, we also have to con- 
sider the particle r\x)- In particular, it modifies 
the r( decay constant, already in the chiral limit 
sup(mi) — > 0, according to Eq. (34). 



In conclusion, a study of the radiative decays 
77 — > 77, r]' — > 77 and a comparison with the ex- 
perimental data can provide us with further in- 
formation about the parameter Fx and the new 
exotic condensate. Using the experimental val- 
ues for the various quantities which appear in the 
second and third Eq. (36), i.e., 

Fjr = 92.4(4) MeV, 
m v = 547.30(12) MeV, 
m v , = 957.78(14) MeV, 
Y{r] -> 77) = 0.46(4) KeV, 

r(r/ -» 77) = 4.26(19) KeV, (37) 

we can extract the following values for the quan- 
tity Fx and for the mixing angle dp [14]: 



F x - 27(9) MeV, dp = 16(3)°. 



(38) 



Moreover, the values of Fx and dp so found are 
perfectly consistent with the relation (35) for the 
mixing angle, if we use for the pure-YM topolog- 
ical susceptibility the value A = (180 ± 5 MeV) 4 , 
obtained from lattice simulations. 

6. Conclusions 

There are evidences from some lattice results that 
a new [/(l)-breaking condensate survives across 
the chiral transition at T c h, staying different from 
zero up to T v m > T c h- This scenario can be 
consistently reproduced using an effective La- 
grangian model, which also includes the new U(l) 
chiral condensate. This scenario could perhaps 
be verified in the near future by heavy-ion ex- 
periments, by analysing the pseudoscalar-meson 
spectrum in the singlet sector. 

We have determined the effects due to the pres- 
ence of the new U(l) chiral order parameter on 
the slope of the topological susceptibility x' c h> m 
the full theory with L massless quarks. We have 
found that x' c h ac ^ s as an or( icr parameter for 
the U(l) axial symmetry above T c h [14]. This 
prediction of our model could be tested in the 
near-future Monte Carlo simulations on the lat- 
tice: at present, lattice determinations of \' only 
exist for the pure-gauge theory at T = 0, with 
gauge group SU{2) [28] and SU(3) [29] (but see 
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also Ref. [26] for a discussion about possible am- 
biguities in the definition of x' c h m a lattice reg- 
ularized theory). 

We have also investigated the effects of the new 
U(l) chiral condensate on the radiative decays (at 
T = 0) of the pseudoscalar mesons rj and r/ in two 
photons. A first comparison of our results with 
the experimental data has been performed: the 
results are encouraging, pointing towards a cer- 
tain evidence of a non-zero 17(1) axial condensate 
(i.e., F x ^0) [14]. 

However, one should keep in mind that our 
results have been derived from a very simpli- 
fied model, obtained doing a first-order expan- 
sion in 1/N C and in the quark masses. We expect 
that such a model can furnish only qualitative or, 
at most, "semi-quantitative" predictions. When 
going beyond the leading order in 1/N C , it be- 
comes necessary to take into account questions of 
renormalization-group behaviour of the various 
quantities and operators involved in our theoreti- 
cal analysis. This issue has been widely discussed 
in the literature, both in relation to the analysis 
of x'ch' m the context of the proton-spin crisis 
problem [25], and also in relation to the study of 
the 77, i)' radiative decays [30]. Further studies are 
therefore necessary in order to continue this anal- 
ysis from a more quantitative point of view. 
Last, but not least, it would be also very inter- 
esting (for a comparison with future heavy-ion 
experiments) to extend our present analysis of 
the radiative decays to the non-zero-temperature 
case. We expect that some progress will be done 
along this line in the near future. 

REFERENCES 

1. S. Weinberg, Phys. Rev. D 11 (1975) 3583. 

2. G. 'tHooft, Phys. Rev. Lett. 37 (1976) 8; 
Phys. Rev. D 14 (1976) 3432. 

3. E. Wittcn, Nucl. Phys. B 156 (1979) 269. 

4. G. Veneziano, Nucl. Phys. B 159 (1979) 213. 

5. E. Meggiolaro, Phys. Rev. D 58 (1998) 
085002. 

6. M. Teper, Phys. Lett. B 171 (1986) 81. 

7. A. Di Giacomo, E. Meggiolaro, H. Panago- 
poulos, Phys. Lett. B 277 (1992) 491. 

8. E.-M. Ilgcnfritz, E. Meggiolaro and M. 



Muller-Preufiker, Nucl. Phys. B (Proc. 
Suppl.) 42 (1995) 496. 

9. B. Alios, M. D'Elia and A. Di Giacomo, Nucl. 
Phys. B 494 (1997) 281. 

10. E. Shuryak, Comments Nucl. Part. Phys. 21 
(1994) 235. 

11. C. Bernard et al., Nucl. Phys. B (Proc. 
Suppl.) 53 (1997) 442; Phys. Rev. Lett. 78 
(1997) 598. 

12. F. Karsch, Nucl. Phys. B (Proc. Suppl.) 83 
84 (2000) 14. 

13. P.M. Vranas, Nucl. Phys. B (Proc. Suppl.) 
83-84 (2000) 414. 

14. M. Marchi and E. Meggiolaro, Nucl. Phys. B 
665 (2003) 425. 

15. E. Meggiolaro, Z. Phys. C 62 (1994) 669. 

16. E. Meggiolaro, Z. Phys. C 62 (1994) 679. 

17. E. Meggiolaro, Z. Phys. C 64 (1994) 323. 

18. A. Di Giacomo and E. Meggiolaro, Nucl. 
Phys. B (Proc. Suppl.) 42 (1995) 478. 

19. E. Meggiolaro, hep-ph/0206236. 

20. P. Di Vecchia and G. Veneziano, Nucl. Phys. 
B 171 (1980) 253. 

21. E. Wittcn, Annals of Physics 128 (1980) 363. 

22. C. Rosenzweig, J. Schechter and C.G. Trah- 
ern, Phys. Rev. D 21 (1980) 3388. 

23. P. Nath and R. Arnowitt, Phys. Rev. D 23 
(1981) 473 . 

24. K. Kawarabayashi and N. Ohta, Nucl. Phys. 
B 175 (1980) 477. 

25. G.M. Shore and G. Veneziano, Phys. Lett. B 
244 (1990) 75; Nucl. Phys. B 381 (1992) 23; 
S. Narison, G.M. Shore and G. Veneziano, 
Nucl. Phys. B 433 (1995) 209; Nucl. Phys. 
B 546 (1999) 235. 

26. L. Giusti, G.C. Rossi, M. Testa and G. 
Veneziano, Nucl. Phys. B 628 (2002) 234. 

27. P. Di Vecchia, F. Nicodemi, R. Pettorino and 
G. Veneziano, Nucl. Phys. B 181 (1981) 318. 

28. G. Briganti, A. Di Giacomo and H. Panago- 
poulos, Phys. Lett. B 253 (1991) 427. 

29. A. Di Giacomo, E. Meggiolaro and H. Pana- 
gopoulos, Phys. Lett. B 291 (1992) 147. 

30. G.M. Shore and G. Veneziano, Nucl. Phys. B 
381 (1992) 3; 

G.M. Shore, Nucl. Phys. B (Proc. Suppl.) 86 
(2000) 368; Nucl. Phys. B 569 (2000) 107; 
Phys. Scripta T 99 (2002) 84. 



